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Abstract
Analysis of a variety of dynamic phenomena requires simultaneous resolution at both atomistic and continuum length
scales. A combined molecular dynamics and finite element method approach, which we discuss in this paper, allows us
to find the balance between the necessary level of detail and computational cost. The combined method is applied to the
propagation of a laser-induced pressure wave in a solid. We find good agreement of the wave profile in the molecular
dynamics and finite element regions. This computational approach can be useful in cases where a detailed atomic-level
analysis is necessary in localized spatially separated regions whereas continuum mechanics and thermodynamics is sufficient
in the remainder of the system. c 1999 Elsevier Science B.V. All rights reserved.
PACS: 02.70.Ns; 02.70.Dh; 61.80.Az
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1. Introduction
Over the years a number of approaches have been
developed to simulate dynamics in condensed phases.
In the atomistic regime, the molecular dynamics
(MD) simulation technique has been successfully applied to a variety of phenomena including structures
of liquids [1], energetic particle bombardment of
solids [2], reactions at surfaces [3], and crack propagation [4,5]. On the other hand, the finite element
(FE) method is successful in modeling propagation
of elastic waves and heat transfer through material
at macroscopic length scales [6,7]. A schism arises,
however, when one wants to examine phenomena that
occur at an intermediate length regime and yet still
retain an atomic-level resolution in some regions of
interest. In principle, one could make MD simulations

larger but even simulations with ∼ 106 1108 particles
are not sufficiently large to deal efficiently with situations such as propagation of the pressure waves developed in simulations of laser ablation [8], energetic
cluster impact [9] or crack propagation [4,5,10].
In particular, the generation of strong pressure
waves is a natural result of the fast energy deposition
in short pulse laser ablation [8,11,12]. The development and propagation of these waves occur at length
scales that are beyond the capability of the MD simulation technique [8,11]. One problem is that a pressure wave reflected from the boundaries of the MD
computational cell can interfere with the processes
in the ablation region and hinder interpretation of
the results of the simulation. Recently we developed
a simple and computationally efficient approach for
simulating the non-reflecting propagation of a pres-
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sure wave out from the MD computational cell [11].
While providing an efficient way to avoid artifacts due
to pressure wave reflection, the non-reflecting boundary conditions are not sufficient for more challenging
scenarios in which there are several regions where
molecular-level analysis is needed. For example, in
addition to ablation at the front side of the irradiated
sample, the interaction of the laser induced compressive pressure pulse with the back surface of the target
can cause the desorption of the molecules adsorbed at
the back surface, an effect known as acoustic desorption [13], or lead to the failure process known as back
spallation [12]. Moreover, in many heterogeneous
systems such as pigmented biological tissues [11,14]
or polymer films containing graphitic nanoparticle
sensitizers [15], the ablation or damage mechanisms
are defined by intensive processes occurring in the
immediate vicinity of the spatially localized absorbers
embedded in a transparent medium. While the sizes
of the systems of interest in these cases are far beyond
the capabilities of the MD method, the areas where
an atomic or molecular level analysis is necessary
can be small enough to be amenable to a treatment
by the MD method. The rest of the system, where
relative displacements of the atoms are small, can
be treated by the use of continuum mechanics and
thermodynamics.
A natural approach to the simulation of multiscale processes, thus, is to combine a MD simulation
for the critical regions within the system with a FE
method for a continuum description of the remainder
of the system. There have been a number of works
where the FE method is used to simulate an adequate
static [10,16,17], and dynamic [10] response of
surrounding material to the processes in the MD computational cell. In the present work we demonstrate
that application of a combined MD1FE technique can
be extended to a multiscale simulation of a system
with multiple interacting MD and FE regions.
Here we test this approach on the propagation of
a laser induced pressure wave from the ablation region through a micrometer-sized sample using a twodimensional (2D) model. The extension to three dimensions is straightforward and is currently under development. The computational method is described in
Section 2, and the application of the method to the
propagation of a pressure wave through the successively arranged MD, FE, and another MD region of

the model is given in Section 3.
2. Computational method
A computational approach for multiscale dynamic
simulations that combines molecular and continuum
descriptions of different parts of the system is outlined
in this section. We give the essence of the MD and FE
techniques, show the computational similarities, and
discuss a simple prescription for combining the two
methods.
In MD simulations a computational cell is represented by a set of N particles with coordinates {ri }
and momenta {pi }. The time evolution of the system
is governed by Newton’s second law,
mi d2 ri /dt2 = −∇i U(r1 , r2 , . . . , rN ) ,

(1)

where mi is the mass of the ith particle, F i =
−∇i U(r1 , r2 , . . . , rN ) is the force acting on the ith
particle due to interaction with other particles in the
system, and U(r1 , r2 , . . . , rN ) is the interaction potential. The initial positions and velocities of the particles together with the interaction potential define the
whole set of thermodynamic, elastic and mechanical
properties of the model material.
The set of 3N second-order differential equations,
Eq. (1), is often solved by recasting it as a set of 6N
first-order Hamilton’s equations of motion,
dpi /dt = −∇i U(r1 , r2 , . . . , rN ) ,
dri /dt = pi /mi .

(2)

Given the initial positions and momenta of the system,
integration of Eq. (2) yields the total trajectory of the
system. With a knowledge of the trajectories of all
the particles, one can calculate spatial and temporal
distributions of energy, temperature and pressure, as
well as monitor the structural and phase changes in
the system.
In the FE method the continuum system is divided
into a finite number of elements which are usually
much larger than an individual particle in a MD simulation. Each element is characterized by its geometry,
a sequence of points or nodes on its periphery, and by
a set of properties of the material. In particular, triangular plane-stress elements, used in 2D simulations
discussed in the next section, are shown in Fig. 1. The
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Fig. 1. Transition zone between the MD and FE regions of the system. Black dots represent MD particles. Open circles represent FE
nodes. Open circles with black dots inside represent node-particles
in the transition layer.

dynamics of a non-dissipative medium is defined, in
the linear approximation, by the following equation
for the displacements, a, of a set of n nodes,
M d2 a/dt2 = −Ka + F ex .

(3)

In this system of n coupled second-order differential
equations, d2 a/dt2 , is a vector of nodal accelerations,
M is a mass matrix defined by the geometry of the elements and the density of material, K is the stiffness
matrix that is defined by the geometry of the elements
and elastic moduli of material, and F ex is the external
force applied to the nodes. The techniques for construction of a FE mesh and calculation of mass and
stiffness matrices appropriate for the simulation of a
particular system are covered in an extensive literature, see for example Ref. [18].
A dynamic simulation with both MD and FE techniques involves integration of the equations of motion,
Eqs. (1) and (3). An apparent similarity of Eqs. (1)
and (3) suggests the possibility for coupling of the two
dynamic simulation techniques. From one perspective,
if the interaction potential used in the MD method is
assumed to be harmonic, then ∇i U becomes a linear
function of displacement as in Eq. (3). From the other
side, the stiffness matrix, K, is defined by the elastic
constants of the system [18] and calculation of the
elastic constants from a given functional form of the
interaction potential is straightforward [10]. Thermal
effects, damping, and nonlinearity can be introduced
into the finite-element analysis [6,7,10,18] providing
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a more accurate match with the properties of MD system defined by a realistic interaction potential.
In order to effectively combine the regions described by the MD and FE methods into a single
model, one not only has to ensure consistency between the properties of the discrete and continuum
media, but also to provide a smooth transition between the two media. In the present work the coupling
of the two descriptions of the media is brought about
by a transition zone in which the FE nodes coincide
with the positions of the particles in the MD region,
Fig. 1. The width of the transition zone is equal to
the cutoff distance of the interaction potential used in
the MD region, two layers of particles in this case.
This provides a complete set of neighbors within the
interaction range for all particles in the MD region.
Particles that belong to the transition zone interact
via the interaction potential with the MD region. At
the same time the transition zone constitutes a part
of the FE grid, where the nodes coincide with the
MD particles, and experience the nodal forces due to
the FE grid. The forces exerted on the particle-nodes
in the transition zone due to the interaction with the
MD region make up the external forces F ex in the
equations of motion for the FE nodes, Eq. (3). F ex is
nonzero only in the transition zone between the MD
and continuum regions. In order to avoid a density
mismatch at the boundary, the mass at each node in
the transition zone is set equal to the mass of the MD
particle. Both Eqs. (1) and (3) are solved using the
same integration scheme, which increases the stability
in the transition region.

3. Application to laser ablation
In this section we illustrate the computational efficiency and accuracy of the combined MD and FE approach. The method is applied to the multiscale simulation of laser ablation of a molecular solid and propagation of a laser induced pressure wave from the ablation region through a micrometer-sized sample. The
schematic view of the model consisting of the successively arranged MD, FE, and another MD region is
shown in Fig. 2.
A relatively small surface region, part A in Fig. 2,
where complex processes of laser energy deposition,
overheating, buildup of high pressure, disintegration
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Fig. 2. Schematic picture of the model system.

and ejection of a significant amount of material are
occurring, does require a molecular level analysis
and is simulated by the MD method. A breathing
sphere model for MD simulations of laser ablation [8] has significantly expanded the time and
length scales accessible for this molecular level simulation and has provided insight into the microscopic
mechanisms of laser ablation and damage of organic
solids [8,11,19,20]. In this work we use a 2D version
of the breathing sphere model, described in detail in
Ref. [8], for simulation of the surface region of the
irradiated sample.
The high pressure associated with the fast energy
deposition and ablative recoil lead to the development
of a pressure wave that propagates deeper into the
sample [8]. The long-range propagation of the pressure wave is simulated using the FE method, part B
in Fig. 2. In this work the FE part of the system is described within the linear approximation with triangular elements [18] under plane stress conditions [21].
Generally, complete compatibility between the MD
and FE regions requires implementation of nonlinear
elasticity and inclusion of anisotropy of the material in
the FE method [10]. Introduction of nonlinearity into
the FE method involves an adjustment of the stiffness
matrix at each integration step whereas anisotropy increases significantly the number of nonzero elements
in the stiffness matrix [6,7,22]. Although neither of
these factors make an apparent problem, the stiffness
matrix in this simple test case could, in principle, be
∼ 60 million double precision numbers. We have thus
made efforts to use only the nonzero elements to save
computer memory. Thus for this first test case, we
chose to use an isotropic and linear stiffness matrix. In
order to partially account for nonlinearity within our
linear isotropic FE continuum, we calculate the stiffness matrix based on an effective elastic modulus obtained from the average velocity of the pressure wave

propagation in the MD region. This approximation allows us to decrease energy reflection at the boundary
between the MD and FE parts as compared to the simulation with an elastic modulus obtained from the interaction potential [10,21]. The value of the effective
2D Young’s modulus used in the stiffness matrix is
0.27 eV/A2 , 22% higher than the one obtained from
the interaction potential. A value of 1/3 is used for
Poisson’s ratio of a two-dimensional isotropic material [21]. A regular triangular mesh with 145 rows
of elements along the direction of the pressure wave
propagation is used to represent the continuum region.
The internode distance varies from 0.58 nm in the
transition layer, which corresponds to the interparticle
distance in the MD region (Fig. 1), to 4 nm in the
bulk. Of the total number of 3909 finite-element nodes
about one third are in the vicinity of the MD regions
in order to provide a smooth transition from the small
elements in the transition region to the larger elements
in the middle of the continuum region.
The third part of the system, marked as part C in
Fig. 2, is a region at the back of the sample. The interaction of the laser induced pressure wave with the
back surface can cause a mechanical damage in the
surface region [12] or lead to the desorption of the
adsorbed molecules [13]. In order to study the microscopic mechanisms of the damage and desorption
in part C, we have to switch back from the continuum
FE method in part B to a molecular level MD method.
Thus, the complete computational cell (Fig. 2) contains 117600 MD particles in two MD regions, a finiteelement mesh with 3909 nodes, and 560 particle-nodes
in two transition zones. The size of the system is 81
by 965 nm. Periodic boundary conditions in the direction parallel to the surface are imposed, thus the effects of the edges of the laser beam are neglected and
a plane pressure wave propagates from the ablation
region. The laser penetration depth is 32 nm and the
laser pulse duration is 15 ps. The MD regions consume
most (∼ 98%) of the computer time in the simulation.
The computational setup described above is used
to simulate the propagation of a compressive pressure
wave within the irradiated sample. Fig. 3 shows the
pressure profile at different times following irradiation
with a 15 ps laser pulse. The pressure wave generated
in the ablation region reaches the first transition zone
approximately 60 ps after the start of the laser pulse.
From 60 ps to 245 ps the wave moves through the FE
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Fig. 3. The propagation of the pressure wave through the different regions of the model sample. Pressure profiles are shown for four
different times after the start of the 15 ps laser pulse.

region and by 245 ps it reaches the second MD region.
We observe a good agreement in the wave profile shape
in all three regions of the model (parts A, B, and C).
There are, however, a few changes in the wave profile.
First, the wave front becomes less steep after passing
through the first transition region. Second, there is an
apparent smoothing of the wave profile as it has propagated to the FE region. Both of these differences are
ramifications of having a molecular resolution in the
MD region and a more course grid in the FE region.
The high spatial resolution of the pressure wave simply cannot be described by the FE grid. Third, while
the pressure wave propagates through the FE region,
additional peaks spaced by 10120 nm appear on the
wave profile. The spacings between the peaks correspond to the characteristic frequencies of the FE grid.
It appears that the sharp front of the pressure wave has
caused a ringing in the FE grid. It is, of course, desirable to eliminate these differences. To accomplish this,
however, would demand that the FE method resolution be the same as in the MD region. The wave propagates through the second transition zone between the
FE and MD regions (parts B and C) without changes
because in this case the wave is going from a course
grid to a finer MD resolution.
In order to test additionally the combined MD1FE
approach, we performed a large-scale MD simulation
with a 310 nm long computational cell consisting of
86800 particles. Propagation of the laser induced pressure wave from the ablation region to the back side of
this computational cell takes about 100 ps. The pres-

sure distributions at 100 ps in the combined MD1FE
model and in the pure MD model are shown in Fig. 4.
Except for differences due to the smoothing in going
from the fine MD resolution to the course FE grid, both
profiles have the same amplitude and shape. Comparisons of the energy in these two models indicate that
only ∼ 5% of the pressure wave energy is reflected at
the transition zone.

4. Conclusion
A computational technique based on a combination
of MD and FE methods has been implemented and
tested on the propagation of a pressure wave induced
by laser irradiation of an organic solid. Good agreement of both the total energy of the wave and the wave
profile in MD and FE parts is observed in the simulation. The real strength of this combined approach is
that a pressure wave can be transported over micron
dimensions without losing the essential characteristics
of the wave profile. Certainly improvements can be
made. For example, nonlinear elasticity, anisotropy,
and heat transfer can be included in the FE method.
For our application, however, it is doubtful that any of
these changes would improve the agreement between
the pressure profiles shown in Fig. 4. An improvement
could be achieved by decreasing the grid spacing in
the FE region. This would lead to an increased memory requirement for the multiplication of matrices in
the FE calculation as well as an increase in computer
time. Ultimately each specific application determines
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Fig. 4. The pressure wave profile in the MD1FE system and the reference pure MD system at 100 ps. The solid line is for the combined
MD1FE system and the dash-dotted line is for the pure MD system.

its own tolerable accuracy and acceptable level of distortions caused by a more course space resolution in
the FE method.
In summary, the combined MD1FE technique allows one to balance the level of details necessary
to provide reasonable accuracy in some regions of
the model with computational cost. In the field of
laser ablation this approach can readily be applied
to study back spallation, acoustic desorption, or laser
ablation/damage of heterogeneous systems with spatially localized absorbers.
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